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1. Introduction
Superconformal symmetry has played an important role in the developments of the many branches of the-
oretical physics and mathematics. Extended superconformal symmetry is an extension of superconformal
symmetry containing higher conformal spin generators in addition to the usual superconformal algebra gen-
erators . Many superconformal algebras are known (for review see Ref.1 and referances therein).It is well
known that a usual and a fermionic (N=1) Casimir algebra corresponding to a simple Lie algebra Ln can
be denoted by WLn2−10. Analogous, a (N=2) super Casimir algebra associated with the Lie superalgebra
A n,n−1 can be also shown by super-WLn11−13. Therefore super-Casimir WAn algebras based on the Lie
superalgebras An,n−1. With the above identification, one says that WA2 algebra is the simplest (N=2 )
superconformal algebra. This superconformal algebra coincides with Neveu- Schwarz algebra (N=1 super
Virasoro algebra). We must emphasize here that the (N=1) super- Casimir algebra is a subalgebra of the
(N=2) super-Casimir algebra. L.J.Romans have proven that super- W
3
algebras 11 are associative for all
values of central charge c. Some realizations of this algebra in terms of the (N=2) superfields has been
constructed with (n=2) two scalar fields by using the supersymmetric Miura transformation 10,15,16
In this letter, we study a super Casimir algebra for a Lie superalgebras L
N
= An,n−1 , which are called
super-Casimir A
n
algebras, for n = 3 . We must emphasize here that all pure conformal fields depand on n,
so this is the first pure spin field definitions for this algebra in the literature. We reserve a notation of our
spin content as module-1 : {1,+ 32 ,− 32 , 2} and module-2 : {2,+ 52 ,− 52 , 3}.
Let us now give outline of this paper. In Sec. 2, we give a basis for super-Casimir A
n
algebra by using
the well-known supersymmetric Miura transformation with 2n free massless bosonic fields and real fermion
fields12−16. Then, we constructed a free field realization of the super-Casimir A
n
algebra by calculating all
primay fields explicitly in general n ,but we can not give all nontrivial OPEs among primary fields. since all
OPEs exist in the literature with some normalizations. In Sec.3, we constructed, in the component language,
a super- vertex operator extension of the super-Casimir A
n
algebras by calculating explicitly nontrivial OPEs
between primary fields and super-vertex operators which are of two forms. The calculations of OPEs have
been done with the help of Mathematica Package OPEDefs.m of Thielemans 17 under the MathematicaTM
in Ref.18.
2. Super- Miura Basis For Super Casimir WAn Algebras In the Component Formalism
In this section, we begin with the review of the supersymmetric Miura transformation based on a Lie
superalgebra An,n−112−16. We use odd simple root system {α1, · · · , α2n} satisfying Cartan matrix Cij =
αi . αj =
(− 1)i−1δi+1,j and {λ1, · · · , λ2n} are the fundamental weights of A n,n−1 , satisfying αi . λj = δij .
We show (N=1) super coordinate Z = (z, θ) ana a super derivative D = ∂
∂θ
+ θ ∂
∂z
.Then we introduce
a primary basis for the the super-Casimir WA
n
algebras from 2n free massless bosonic fields ϕi(z) (i =
1, · · · , 2n) and real fermion fields ψi(z) (i = 1, · · · , 2n) realization point of view, which are single-valued
functions on the complex plane and its mode expansion are given by
i ∂ϕ(z) =
∑
n∈Z
anz
−n−1, ψ(z) =
∑
n∈Z
ψnz
−n− 12 . (2.1)
respectively. A scalar superfield can be defined by Φ
(Z) = ϕ(z) + i θ ψ(z). Canonical quantization gives
the commutator and anti-commutator relations
[am, an] = mδm+n,0 , {ψm, ψn} = δmn , (2.2)
and these relations are equivalent to the contractions, as z12 = z1 − z2
∂ϕ(z1) ∂ϕ(z2) =
1
z212
, ψ(z1)ψ(z2) =
1
z12
(2.3)
respectively.
2
Let us consider the supersymmetric Miura transformation 12−16, which is defined as
Rn(Z) = D2n+1 +
2n+1∑
j=2
W i
2
(Z)(α
0
D)2n+1−i
=:
2n+1∏
j=1
(
α
0
D −Θ
j
(Z)) :, (2.4)
where Θ
j
(Z) = ( − 1)i−1 (λi − λi−1) . DΦ(Z) (λ0 = λ2n+1 = 0) the symbol : ∗ : shows the normal
ordering, and α
0
is a free parameter.
The super- CasimirWA
n
algebra generated by a set of chiral currentsW i
2
(Z) , of conformal dimension
i
2 (i = 2, · · · , 2n+ 1)˙ We show first few examples of currents, under Hi = λi . D Φ
(Z) definition :
W
1
(Z) = −
2n−1∑
i=1
(H
i
H
i+1
)(Z)− a0
2n∑
i=1
(−1)i (H
i
)(Z) (2.5)
W 3
2
(Z) = −
n∑
i=1
(DH2i−1 H2i)(Z) +
n−1∑
i=1
(H2i DH2i+1)(Z)− a0
n∑
i=1
(D2H
i
)(Z) (2.6)
In the component formalism all bosonic and fermionic currents are expressed as in module-(k-1) :
W
k−1
(Z) = J
k−1
(z) + i θ
[
G+
k− 1
2
(z) + G−
k− 1
2
(z)
]
W
k− 1
2
(Z) = α
0
[
i G−
k− 1
2
(z) + θ T
k
(z)
]
(2.7)
For the module-2
J
1
(z) =
2n−1∑
i=1
(ψ
i
ψ
i+1
)(z)− a0
2n∑
i=1
(−1)i ψ
i
(z)
G−
3
2
(z) =
2n−2∑
i=1
(1− t
i
)(ψ
i
h
i+1
)(z)−
2n∑
i=1
t
i
(h
i
ψ
i+1
)(z)− a0
2n∑
i=1
(−1)i (1 − t
i
)ψ′
i
(z)
G+
3
2
(z) = −
2n−2∑
i=1
(1 − t
i
)(h
i
ψ
i+1
)(z) +
2n∑
i=1
t
i
(ψ
i
h
i+1
)(z) + a0
2n∑
i=1
(−1)i t
i
ψ′
i
(z)
and
T2(z) =
2n−1∑
i=1
(−1)i(h
i
h
i+1)(z) +
2n−1∑
i=1
(1− t
i
)(h
i
h′
i+1
)(z) +
2n−1∑
i=1
t
i
(h′
i
h
i+1)(z)− a0
2n∑
i=1
(−1)i(1 − t
i
)h′
i
(z)
(2.8)
where h
i
(z) = λi.∂ϕ(z) , ti =
{
1 odd i
0 even i
and also module-3 components including higher order J
2
(z),
G−
5
2
(z), G+
5
2
(z) and T
3
(z) currents are not given here since their formal complexity.h
i
(z)’s and ψ
i
(z)’s satisfy
h
i
(z1)hj (z2) =
[C−1]ij
z122
and ψ
i
(z1)ψj (z2) =
[C−1]ij
z12
OPE’s respectively, under (2.3) contractions , where
[C−1]ij is inverse matrix of Cartan matrix Cij of Lie superalgebra An,n−1.
A definition ⊤(z) = T2(z) − 12 J ′1 (z) denotes the energy-momentum tensor of N=2 model with the
central charge c(N=2) = 3 n
(
1− (n+ 1)a2
0
)
. The OPE with itself is
⊤(z1)⊤(z2) = c
(N=2)/2
z412
+
2⊤(z2)
z212
+
∂⊤(z2)
z12
+ · · · (2.9)
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Note that in the component definitions (2.7),all bosonic and fermionic currents are not primary fields with
respect to the energy-momentum tensor ⊤(z), except J1(z), for bosonic currents, i.e.
⊤(z1)Jk(z2) =
1
2
k∑
s=2
(n− k + s)!
(n− k)! 2
s−2 a2s−2
0
(
1 + (n+ 1 + 2(k − s))a2
0
)J
k−s
(z2)
zs+212
+
(n− k + 1)!
(n− k)! 2
k−2a2
0
J
k−1
(z2)
z312
+
kJ
k
(z2)
z212
+
∂J
k
(z2)
z12
+ · · · (2.10)
and also fermionic currents, i.e.
⊤(z1)G+7
2
(z2) = (2n− 5)a20
(
1 + (n+ 3)a2
0
)G+
3
2
(z2)
z412
+ (2n− 2)a2
0
G+
5
2
(z2)
z312
+
7
2 G
+
7
2
(z2)
z212
+
∂G+
7
2
(z2)
z12
+ · · · (2.11)
In order to construct all pure bosonic and fermionic currents for the N=2 super- Casimir WAn algebras,
one may calculate suitable coefficients for quasi-primary bosonic and fermionic fields ,which form a N = 2
super multiplet κ{J2(z), 1√2G∓5
2
(z), T3(z)}
κ J˜
2
(z) = J
2
(w) − 1
2
(n− 1)a2
0
∂J
1
(z)− (n− 1)
(
3 + (2 + 3n)a2
0
)
6n− 2 + 6n(n+ 1)a2
0
(J
1
J
1
)(z)
+
(n− 1)(1− na2
0
)(
1 + (n+ 1)a2
0
)
3n− 1 + 3n(n+ 1)a2
0
⊤(z)
κ√
2
G˜+
5
2
(z) = G+
5
2
(z) +
(n− 1)(1− na2
0
)(
1 + (n+ 1)a2
0
)
3n− 1 + 3n(n+ 1)a2
0
∂G+
3
2
(z)− (n− 1)
(
3 + (2 + 3n)a2
0
)
3n− 1 + 3n(n+ 1)a2
0
(J
1
G+
3
2
)(z)
κ√
2
G˜−
5
2
(z) = G−
5
2
(z)− (n− 1)
(
1 + 3na2
0
+ 2n(n+ 1)a4
0
)
3n− 1 + 3n(n+ 1)a2
0
∂G−
3
2
(z)− (n− 1)
(
3 + (2 + 3n)a2
0
)
3n− 1 + 3n(n+ 1)a2
0
(J
1
G−
3
2
)(z)
κ W˜3(z) = T3(z)−
1
2
∂J2(z)−
(n− 1)(3 + (2 + 3n)a2
0
)
3n− 1 + 3n(n+ 1)a2
0
[
(G+
3
2
G−
3
2
)(z)− (J1W2)(z) +
1
4
∂(J1J1)(z)
]
− (n− 1)
(
3 + (6n+ 1)a2
0
+ 3n(n+ 1)a4
0
)
6n− 2 + 6n(n+ 1)a2
0
∂⊤(z)− (n− 1)
(
1 + na2
0
)(
2 + (n+ 1)a2
0
)
12n− 4 + 12n(n+ 1)a2
0
∂2J1(z) (2.12)
where
κ =
√
3n− 1 + 3n(n+ 1)a2
0(
1− na2
0
)(
2 + (n+ 1)a2
0
)(
1 + (n+ 2)a2
0
) (2.13)
From (2.12), we may compute the operator product expansions for the N=2 super multiplet κ{J
2
(z),
1√
2
G∓
5
2
(z), T
3
(z)}. It is easy to see that these OPE’s coincide with the results of the OPE method 11, under
(2.12) normalization.
3. (OPEs) for Chiral Super-Vertex Operators
In this section we define a super- vertex operator Vβ(Z) which corresponds to the root system {β} of the
Lie superalgebra An,n−1 and a super field Φ
(Z) = ϕ(z) + i θ ψ(z),
V
β
(Z) = : eiβ.Φ
(
Z
)
: (3.1)
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In the component formalism, one gets
V
β
(Z) = Vb
β
(z) + θ Vf
β
(z) (3.2)
where the bosonic Vb
β
(z) and fermionic Vf
β
(z) components of V
β
(Z) are
Vb
β
(z) = : ei β.ϕ(z) : (3.3)
and
Vf
β
(z) = β.Ψ(z) : ei β.ϕ(z) : (3.4)
respectively.We must emphasize here that we will concentrate over the bozonic vertex operator Vb
β
(z), in our
advanced calculations. By using conformal spin-0 contraction ϕ(z1)ϕ(z2) = − ln | z12 |, The standard OPEs
are of two forms:
Vb
β
(z1)Vb
β˙
(z2) = (z12)β β˙ : Vbβ (z1)Vbβ˙ (z2) : (3.5)
and
Vf
β
(z1)Vf
β˙
(z2) =
β2
z12
Vb
β
(z1)Vb
β˙
(z2) (3.6)
One can say that the operators Vb
β
(z) and Vf
β
(z) carrie a root β . From
h
j
(z1)Vbβ(z2) =
θ
j
z12
Vb
β
(z2) + · · · (3.7)
and
h
j
(z1)Vfβ (z2) =
θ
j
z12
Vf
β
(z2) + · · · (3.8)
where
θ
j
= θ
j
(β) ≡ (β, λ
j
) (3.9)
The OPEs with the stress-energy tensor ⊤(z) is
⊤(z1)Vbβ(z2) =
hb(β)
z212
Vb
β
(z2) +
(η
b
βVb
β
)(z2)
z12
+ · · · (3.10)
where hb(β) is given by
hb(β) = −
2n−1∑
i=1
(−1)i+1θiθi+1 + a0
2
2n∑
i=1
θi (3.11)
this means that the bosonic vertex operator Vb
β
(z) is a conformal field with spin hb(β), and
(η
b
βVb
β
)(z) = −
2n−1∑
i=1
(−1)i+1(θihi+1(z) + hi(z)θi+1) (3.12)
similarly, for the fermionic vertex operator Vf
β
(z)
⊤(z1)Vfβ (z2) =
(h
f
βVf
β
)(z2)
z212
+
(η
f
βVb
β
)(z2)
z12
+ · · · (3.13)
where (h
f
βVf
β
)(z)
(h
f
βVf
β
)(z) =
1
2
2n−1∑
i=1
(−1)i+1(θiψi+1(z2) + ψi(z2)θi+1)Vbβ (z2)
5
+2n−1∑
i=1
(−1)iθiθi+1Vfβ (z2) +
a
0
2
2n∑
i=1
θiVfβ (z2) (3.14)
and
(η
f
βVb
β
)(z) =
2n−1∑
i=1
(−1)i+1(θi∂ψi+1(z2) + ∂ψi(z2)θi+1)Vbβ )(z2)
+
2n−1∑
i=1
(−1)i(θihi+1(z2) + hi(z2)θi+1)Vfβ )(z2) (3.15)
From (3.13), we can not define hf (β) as the conformal spin of Vf
β
(z), under (3.9) definition, since Vf
β
(z) field
does not seem in the r.h.s. of OPE (3.13).
Let us discuss the OPEs between the quasi-primary fields of the super-Casimir WA
n
algebra and the
bosonic vertex operator Vb
β
(z) , instead of primary fields since they are very complicated, which are given as
in equation (2.12). First we write down the OPEs between module-1 components J
1
(z) and G∓
3
2
(z) are given
by :
J1(z1)Vbβ(z2) =
2n∑
i=1
(−1)i−1θi
Vb
β
(z2)
z12
+ · · · (3.16)
and, for fermionic curreents :
G+3
2
(z1)Vbβ(z2) =
(
−
2n−2∑
i=1
(1− ti)θiψi+1(z) +
2n∑
i=1
tiθi+1ψi(z)
)Vb
β
(z2)
z12
+ · · · (3.17)
G+3
2
(z1)Vbβ(z2) =
(
2n−2∑
i=1
(1− ti)θi+1ψi(z)−
2n∑
i=1
tiθiψi+1(z)
)Vb
β
(z2)
z12
+ · · · (3.18)
Second the OPEs between module-2 components J
2
(z) , G∓
5
2
(z), T
3
(z) and the bosonic vertex operator Vb
β
(z)
are given by :
J2(z1)Vbβ(z2) =
(
a2
0
2n−3∑
i=1
2n∑
j=i+2
(−1)i+jtiθiθj + a20
2n−2∑
i=1
2n∑
j=i+1
(−1)j(1− ti)θiθj
−1
2
a3
0
2n∑
i=3
(−1)i+1θi
(
(i − 1)ti + (i− 2)(1− ti)
))Vb
β
(z2)
z212
+ · · · (3.19)
and, for fermionic curreents :
G+5
2
(z1)Vbβ(z2) =
(
a
0
2n−3∑
i=1
2n∑
j=i+2
(−1)j+1tiψi(z2)θi+1θj + a0
2n−3∑
i=1
2n−1∑
j=i+1
(−1)i(1− ti)θiθjψj+1(z2)
+a
0
2n−3∑
i=1
2n−1∑
j=i+2
(−1)i+1tiθiψj(z2)θj+1 + a0
2n−4∑
i=1
2n∑
j=i+3
(−1)j(1− ti)θiψj+1(z2)θj
+
1
2
a2
0
2n−2∑
i=1
i(−1)i(1− ti)θiψi+1(z2) + 1
2
a2
0
2n−1∑
i=1
(i− 1)(−1)itiψi(z2)θi+1
)Vb
β
(z2)
z122
+ · · · (3.20)
G−5
2
(z1)Vbβ(z2) =
(
− a0
2n−2∑
i=1
2n∑
j=i+2
(−1)j(1− ti)ψi(z2)θi+1θj + a0
2n−3∑
i=1
2n−1∑
j=i+3
(−1)jtiθiψi+1(z2)θj
6
−a0
2n−4∑
i=1
2n−2∑
j=i+2
(−1)i(1− ti)θiψj(z2)θj+1 + a0
2n−2∑
i=1
2n−1∑
j=i+1
(−1)itiθiθjψj+1(z2)
−1
2
a2
0
2n−1∑
i=1
(i− 1)(−1)itiθiψi+1(z2)− 1
2
a2
0
2n−2∑
i=4
(i− 2)(1− ti)ψi(z2)θi+1
)Vb
β
(z2)
z122
+ · · · (3.21)
and also finally the last OPE is found to be :
T3(z1)Vbβ(z2) = −
(
a
0
2n∑
i=1
2n∑
j=i+3
(−1)i+jθiθi+1θj + a0
2n−3∑
i=1
2n−1∑
j=i+2
(−1)i+jθiθjθj+1
−a2
0
2n−1∑
k=3
2n−k∑
i=1
tkθiθi+k + 2a
2
0
2n∑
i=1
2n∑
j=i+2
(1 − ti)(1 − tj)θiθj − a20
2n−1∑
i=3
(−1)i+1ti(i− 1)θiθi+1
−a2
0
2n−2∑
i=3
(−1)i+1(1− ti)(i− 2)θiθi+1 + a30
2n∑
i=1
(1− ti)(i− 2)θi
)
Vb
β
(z2)
z123
+ · · · (3.22)
Although the above advenced calculations was performed in the quasi-primary basis,this results can be carry
on the primary basis.
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